


C h a p t e r 12
Regression with
Time-Series Data:
Nonstationary Variables

Learning Objectives

Based on the material in this chapter, you should be able to

1. Explain the differences between stationary and nonstationary time-series processes.

2. Describe the general behavior of an autoregressive process and a random walk

process.

3. Explain why we need ‘‘unit root’’ tests, and state implications of the null and

alternative hypotheses.

4. Explainwhatismeantbythestatement thataseries is‘‘integratedoforderone’’or I(1).

5. Perform Dickey–Fuller and augmented Dickey–Fuller tests for stationarity.

6. Explain the meaning of a ‘‘spurious regression’’.

7. Explain the concept of cointegration and test whether two series are cointegrated.

8. Explain how to choose an appropriate model for regression analysis with time-series

data.

In 2003 the Nobel Prize in Economics1 was awarded jointly to two distinguished

econometricians: Professor Robert F. Engle ‘‘for methods of analyzing economic time

series with time-varying volatility (ARCH)’’ and Professor Clive W. J. Granger ‘‘for
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methods of analyzing economic time series with common trends (cointegration).’’ The aim

of this and the following two chapters is to discuss the background that prompted these

contributions, and to show how the proposed methods have revolutionized the way we

conduct econometrics with time-series data.

The analysis of time-series data is of vital interest to many groups, such as macro-

economists studying the behavior of national and international economies, finance econ-

omists analyzing the stock market, and agricultural economists predicting supplies and

demands for agricultural products. For example, if we are interested in forecasting the

growth of gross domestic product or inflation, we look at various indicators of economic

performance and consider their behavior over recent years. Alternatively, if we are

interested in a particular business, we analyze the history of the industry in an attempt

to predict potential sales. In each of these cases, we are analyzing time-series data.

We have already worked with time-series data in Chapter 9 and have discovered how

regression models for these data often have special characteristics designed to capture their

dynamic nature. We saw how including lagged values of the dependent variable or

explanatory variables as regressors, or considering lags in the errors, can be used to model

dynamic relationships. We also showed how autoregressive models can be used in fore-

casting. However, an important assumption maintained throughout Chapter 9 was that the

variables have a property called stationarity. It is time now to learn the difference between

stationary and nonstationary variables. Many economic variables are nonstationary and, as

you will learn, the consequences of nonstationary variables for regression modeling are

profound.

The aim of this chapter is to describe how to estimate regression models involving

nonstationary variables. The first step in this direction is to examine the time-series concepts

of stationarity (and nonstationarity) and how we distinguish between them. Cointegra-
tion is another important related concept that has a bearing on our choice of a regression

model. The seminal contributions of the Nobel laureates show that the econometric

consequences of nonstationarity can be quite severe, and offer methods to overcome them.

12.1 Stationary and Nonstationary Variables

Plots of the time series of some important economic variables for the U.S. economy are

displayed in Figure 12.1. The data for these figures can be found in the file usa.dat.

The figures on the left-hand side are the real gross domestic product (ameasure of aggregate

economic production), the annual inflation rate (ameasure of changes in the aggregate price

level), the federal funds rate (the interest rate on overnight loans between banks), and the

three-year bond rate (interest rate on a financial asset to be held for three years). Observe

how the GDP variable displays upward trending behavior, while the inflation rate appears to

‘‘wander up and down’’ with no discernable pattern or trend. Similarly, both the federal

funds rate and the bond rate show ‘‘wandering up and down’’ behavior. The figures on the

right-hand side of Figure 12.1 are the changes of the corresponding variables on the left-

hand side.

The change in a variable is an important concept that is used repeatedly in this chapter; it

is worth dwelling on its definition. The change in a variable yt, also known as its first

difference, is given by Dyt ¼ yt � yt�1. Thus Dyt is the change in the value of the variable y
from period t � 1 to period t.

The time series of the changes on the right-hand side of Figure 12.1 display behavior that

can be described as irregular ups and downs, or fluctuations. Note that while changes in

the inflation rate and the two interest rates appear to fluctuate around a constant value, the
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changes in the GDP variable appear to fluctuate around an upward trend, until the financial

crisis. The first question we address in this chapter is:Which data series represent stationary

variables and which are observations on nonstationary variables?

Formally, a time series yt is stationary if itsmean and variance are constant over time, and

if the covariance between two values from the series depends only on the length of time

separating the two values, and not on the actual times at which the variables are observed.

That is, the time series yt is stationary if for all values, and every time period, it is true that
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FIGURE 12.1 U.S. economic time series.
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EðytÞ ¼ m ðconstant meanÞ (12.1a)

varðytÞ ¼ s2 ðconstant varianceÞ (12.1b)

covðyt; ytþsÞ ¼ covðyt; yt�sÞ ¼ gs ðcovariance depends on s; not tÞ (12.1c)

The first condition, that of a constant mean, is the feature that has received the most

attention. To appreciate this condition for stationarity, look at the plots shown in Figure 12.1

and their sample means shown in Table 12.1. The sample means for the changes in the two

interest rates are similar across different sample periods, whereas the sample means for the

variables in the original levels, as well as the changes in GDP and inflation, differ across

sample periods. Thus, while the federal funds rate, and the bond rate display characteristics

of nonstationarity, their changes display characteristics of stationarity. For inflation and

GDP, both their levels and their changes display characteristics of nonstationarity. Non-

stationary series with nonconstant means are often described as not having the property of

mean reversion. That is, stationary series have the property of mean reversion.

Looking at the sample means of time-series variables is a convenient indicator as to

whether a series is stationary or nonstationary, but this does not constitute a hypothesis test.

A formal test is described in Section 12.3. However, beforewe introduce the test, it is useful

to revisit the first-order autoregressive model that was introduced in Chapter 9.

12.1.1 THE FIRST-ORDER AUTOREGRESSIVE MODEL

Let yt be an economic variable that we observe over time. In line with most economic

variables, we assume that yt is random, since we cannot perfectly predict it. We never know

the values of random variables until they are observed. The econometric model generating a

time-series variable yt is called a stochastic or random process. A sample of observed yt
values is called a particular realization of the stochastic process. It is one of many possible

paths that the stochastic process could have taken. Univariate time-series models are

examples of stochastic processes where a single variable y is related to past values of itself

and current and past error terms. In contrast to regression modeling, univariate time-series

models do not contain any explanatory variables (no x’s).

Ta b l e 1 2 . 1 Sample Means of Time Series Shown in Figure 12.1

Sample periods

Variable 1984:2 to 1996:4 1997:1 to 2009:4

Real GDP (a) 5813.0 11458.2

Inflation rate (c) 6.9 3.2

Federal funds rate (e) 6.4 3.5

Bond rate (g) 7.3 4.0

Change in GDP (b) 82.7 120.3

Change in the inflation rate (d) �0.16 0.02

Change in the federal funds rate (f) �0.09 �0.10

Change in the bond rate (h) �0.10 �0.09
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The autoregressive model of order one, the AR(1) model, is a useful univariate time-

series model for explaining the difference between stationary and nonstationary series. It is

given by

yt ¼ ryt�1 þ vt; jrj< 1 (12.2a)

where the errors vt are independent, with zero mean and constant variance s2
v , and may be

normally distributed. In the context of time-series models, the errors are sometimes known

as ‘‘shocks’’ or ‘‘innovations.’’ As we will see, the assumption jrj< 1 implies that yt is

stationary. TheAR(1) process shows that each realization of the random variable yt contains

a proportion r of last period’s value yt�1 plus an error vt drawn from a distributionwithmean

zero and variances2
v . Sincewe are concerned with only one lag, themodel is described as an

autoregressive model of order one. In general an AR(p) model includes lags of the variable

yt up to yt�p. An example of an AR(1) time series with r ¼ 0:7, and independent N(0,1)

random errors is shown in Figure 12.2a. Note that the data have been artificially generated.

Observe how the time series fluctuates around zero and has no trend-like behavior, a

characteristic of stationary series.

The value ‘‘zero’’ is the constant mean of the series, and it can be determined by doing

some algebra known as recursive substitution.2 Consider the value of y at time t ¼ 1, then its

value at time t ¼ 2 and so on. These values are

y1 ¼ ry0 þ v1

y2 ¼ ry1 þ v2 ¼ rðry0 þ v1Þ þ v2 ¼ r2y0 þ rv1 þ v2

..

.

yt ¼ vt þ rvt�1 þ r2vt�2 þ � � � þ rty0

The mean of yt is

EðytÞ ¼ Eðvt þ rvt�1 þ r2vt�2 þ � � �Þ ¼ 0

since the error vt has zero mean and the value of rty0 is negligible for a large t. The variance
can be shown to be a constants2

v=ð1� r2Þwhile the covariance between two errors speriods
apart gs can be shown to be s2

vr
s=ð1� r2Þ. Thus, the AR(1) model in (12.2a) is a classic

example of a stationary process with a zero mean.

Real-world data rarely have a zero mean. We can introduce a nonzero mean m by

replacing yt in (12.2a) with ðyt � mÞ as follows:

ðyt � mÞ ¼ rðyt�1 � mÞ þ vt

which can then be rearranged as

yt ¼ aþ ryt�1 þ vt; jrj< 1 (12.2b)

2 An alternative to recursive substitution when the variable is stationary is to use the lag operator algebra

discussed in Chapter 9.8.
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where a ¼ mð1� rÞ. That is, we can accommodate a nonzero mean in yt by either working

with the ‘‘de-meaned’’ variable ðyt � mÞ or introducing the intercept term a in the

autoregressive process of yt as in (12.2b). Corresponding to these two ways, we describe

the ‘‘de-meaned’’ variable ðyt � mÞ as being stationary around zero, or the variable yt as

stationary around its mean value m ¼ a=ð1� rÞ.
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FIGURE 12.2 Time-series models.
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An example of a time series that follows this model, with a ¼ 1, r ¼ 0:7 is shown in

Figure 12.2(b).We have used the samevalues of the error vt as in Figure 12.2(a), so the figure

shows the added influence of the constant term. Note that the series now fluctuates around a

nonzero value. This nonzero value is the constant mean of the series

EðytÞ ¼ m ¼ a=ð1� rÞ ¼ 1=ð1� 0:7Þ ¼ 3:33

Another extension to (12.2a) is to consider an AR(1)model fluctuating around a linear trend

ðmþ dtÞ. As we have seen in Figure 12.1, some real-world data appear to exhibit a trend. In

this case, we let the ‘‘de-trended’’ series ðyt � m� dtÞ behave like an autoregressive model

ðyt � m� dtÞ ¼ rðyt�1 � m� dðt � 1ÞÞ þ vt; jrj< 1

which can be rearranged as

yt ¼ aþ ryt�1 þ lt þ vt (12.2c)

where a ¼ ðmð1� rÞ þ rdÞ and l ¼ dð1� rÞ. An example of a time series that can be

described by this model with r ¼ 0:7, a ¼ 1, and d ¼ 0:01 is shown in Figure 12.2(c). The
de-trended series ðyt � m� dtÞ also has a constant variance and covariances that depend

only on the time separating observations, not the time at which they are observed. In other

words, the ‘‘de-trended’’ series is stationary. An astute reader may have noted that the mean

of yt, EðytÞ ¼ mþ dt depends on t, which implies that yt is nonstationary. While this

observation is correct, when jrj< 1, yt is more usually described as stationary around the

deterministic trend line mþ dt. This is discussed further in Section 12.5.2.

12.1.2 RANDOM WALK MODELS

Consider the special case of r ¼ 1 in (12.2a):

yt ¼ yt�1 þ vt (12.3a)

This model is known as the random walk model. Equation (12.3a) shows that each

realization of the random variable yt contains last period’s value yt�1 plus an error vt.

An example of a time series that can be described by this model is shown in Figure 12.2(d).

These time series are called randomwalks because they appear towander slowly upward or

downward with no real pattern; the values of sample means calculated from subsamples

of observations will be dependent on the sample period. This is a characteristic of

nonstationary series.

We can understand the ‘‘wandering’’ behavior of random walk models by doing some

recursive substitution.

y1 ¼ y0 þ v1

y2 ¼ y1 þ v2 ¼ ðy0 þ v1Þ þ v2 ¼ y0 þ �
2

s¼1
vs

..

.

yt ¼ yt�1 þ vt ¼ y0 þ �
t

s¼1
vs

The random walk model contains an initial value y0 (often set to zero because it is so

far in the past that its contribution to yt is negligible) plus a component that is the sum of the
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past stochastic terms �t
s¼1vs. This latter component is often called the stochastic trend.

This term arises because a stochastic component vt is added for each time t, and because it

causes the time series to trend in unpredictable directions. If the variable yt is subjected to

a sequence of positive shocks, vt > 0, followed by a sequence of negative shocks, vt < 0,

it will have the appearance of wandering upward, then downward.

We have used the fact that yt is a sum of errors to explain graphically the nonstationary

nature of the random walk. We can also use it to show algebraically that the conditions for

stationarity do not hold. Recognizing that the vt are independent, taking the expectation and

the variance of yt yields, for a fixed initial value y0,

EðytÞ ¼ y0 þ Eðv1 þ v2 þ � � � þ vtÞ ¼ y0

varðytÞ ¼ varðv1 þ v2 þ � � � þ vtÞ ¼ ts2
v

The randomwalk has amean equal to its initial value and a variance that increases over time,

eventually becoming infinite. Although the mean is constant, the increasing variance

implies that the series may not return to its mean, and so sample means taken for different

periods are not the same.

Another nonstationary model is obtained by adding a constant term to (12.3a):

yt ¼ aþ yt�1 þ vt (12.3b)

This model is known as the random walk with drift. Equation (12.3b) shows that each

realization of the random variable yt contains an intercept (the drift component a) plus last
period’s value yt�1 plus the error vt. An example of a time series that can be described by this

model (with a ¼ 0:1) is shown in Figure 12.2(e). Notice how the time-series data appear to

be ‘‘wandering’’ as well as ‘‘trending’’ upward. In general, random walk with drift models

showdefinite trends either upward (when the drifta is positive) or downward (when the drift

a is negative).

Again, we can get a better understanding of this behavior by applying recursive

substitution:

y1 ¼ aþ y0 þ v1

y2 ¼ aþ y1 þ v2 ¼ aþ ðaþ y0 þ v1Þ þ v2 ¼ 2aþ y0 þ �
2

s¼1
vs

..

.

yt ¼ aþ yt�1 þ vt ¼ taþ y0 þ �
t

s¼1
vs

The value of y at time t is made up of an initial value y0, the stochastic trend component

ð�t
s¼1vsÞ, and now a deterministic trend component ta. It is called a deterministic trend

because a fixed value a is added for each time t. The variable ywanders up and down as well

as increases by a fixed amount at each time t. The mean and variance of yt are

EðytÞ ¼ taþ y0 þ Eðv1 þ v2 þ v3 þ � � � þ vtÞ ¼ taþ y0

varðytÞ ¼ varðv1 þ v2 þ v3 þ � � � þ vtÞ ¼ ts2
v

In this case both the constant mean and constant variance conditions for stationarity are

violated.
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We can extend the random walk model even further by adding a time trend:

yt ¼ aþ dt þ yt�1 þ vt (12.3c)

An example of a time series that can be described by this model (with a ¼ 0:1; d ¼ 0:01) is
shown in Figure 12.2(f). Note how the addition of a time-trend variable t strengthens the trend

behavior. We can see the amplification using the same algebraic manipulation as before:

y1 ¼ aþ dþ y0 þ v1

y2 ¼ aþ d2þ y1 þ v2 ¼ aþ 2dþ ðaþ dþ y0 þ v1Þ þ v2 ¼ 2aþ 3dþ y0 þ �
2

s¼1
vs

..

.

yt ¼ aþ dt þ yt�1 þ vt ¼ taþ tðt þ 1Þ
2

� �
dþ y0 þ �

t

s¼1
vs

where we have used the formula for a sum of an arithmetic progression,

1þ 2þ 3þ � � � þ t ¼ tðt þ 1Þ=2

The additional term has the effect of strengthening the trend behavior.

To recap, we have considered the autoregressive class of models and have shown that

they display properties of stationaritywhen jrj< 1.Wehave also discussed the randomwalk

class of models when r ¼ 1. We showed that random walk models display properties of

nonstationarity. Now, go back and compare the real-world data in Figure 12.1 with those

in Figure 12.2. Ask yourself what models might have generated the different data series in

Figure 12.1. In the next few sectionswe shall consider how to testwhich series in Figure 12.1

exhibit properties associated with stationarity, as well as which series exhibit properties

associated with nonstationarity.

12.2 Spurious Regressions

The main reason why it is important to know whether a time series is stationary or

nonstationary before one embarks on a regression analysis is that there is a danger of

obtaining apparently significant regression results from unrelated data when nonstationary

series are used in regression analysis. Such regressions are said to be spurious.

To illustrate the problem, let us take two independent random walks:

rw1 : yt ¼ yt�1 þ v1t

rw2 : xt ¼ xt�1 þ v2t

where v1t and v2t are independent N(0,1) random errors. Two such series are shown in

Figure 12.3(a)—the data are in the file spurious dat. These series were generated

independently and, in truth, have no relation to one another, yet when we plot them, as

we have done in Figure 12.3(b), we see a positive relationship between them. If we estimate

a simple regression of series one ðrw1Þ on series two ðrw2Þ, we obtain the following results:

brw1t ¼ 17:818þ 0:842 rw2t; R2 ¼ 0:70

ðtÞ ð40:837Þ
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This result suggests that the simple regression model fits the data well ðR2 ¼ 0:70Þ, and
that the estimated slope is significantly different from zero. In fact, the t-statistic is

huge! These results are, however, completely meaningless, or spurious. The apparent

significance of the relationship is false. It results from the fact that we have related one

series with a stochastic trend to another series with another stochastic trend. In fact,

these series have nothing in common, nor are they causally related in any way. Similar

and more dramatic results are obtained when random walk with drift series are used in

regressions. Typically the residuals from such regressions will be highly correlated. For

this example, the LM test value to test for first-order autocorrelation ( p-value in

parenthesis) is 682.958 (0.000); a sure sign that there is a problem with the regression.

In other words, when nonstationary time series are used in a regression model, the results

may spuriously indicate a significant relationship when there is none. In these cases the

least squares estimator and least squares predictor do not have their usual properties, and

t-statistics are not reliable. Since many macroeconomic time series are nonstationary, it is

particularly important to take carewhen estimating regressionswithmacroeconomic variables.

How then can we test whether a series is stationary or nonstationary, and how do we

conduct regression analysis with nonstationary data? The former is discussed in Section

12.3, while the latter is considered in Section 12.4.
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FIGURE 12.3 Time series and scatter plot of two random walk variables.
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12.3 Unit Root Tests for Stationarity

There are many tests for determining whether a series is stationary or nonstationary. The

most popular one, and the one that we discuss, is the Dickey–Fuller test. As noted in our

discussion of the autoregressive and randomwalk models, stochastic processes can include

or exclude a constant term and can include or exclude a time trend. There are three variations

of the Dickey–Fuller test designed to take account of the role of the constant term and the

trend. We begin by describing the test equations and hypotheses for these three cases and

then outline the testing procedure.

12.3.1 DICKEY–FULLER TEST 1 (NO CONSTANT AND NO TREND)

This test is based on the discussion in Section 12.1 where we note that the AR(1) process

yt ¼ ryt�1 þ vt is stationary when jrj< 1, but, when r ¼ 1, it becomes the nonstationary

randomwalk process yt ¼ yt�1 þ vt. Hence, oneway to test for stationarity is to examine the

value of r. In other words, we test whether r is equal to one or significantly less than one.

Tests for this purpose are known as unit root tests for stationarity.
To formalize this procedure a little more, consider again the AR(1) model:

yt ¼ ryt�1 þ vt (12.4)

where the vt are independent random errors with zero mean and constant variance s2
v . We

can test for nonstationarity by testing the null hypothesis that r ¼ 1 against the alternative

that jrj< 1, or simply r< 1. This one-sided (left tail) test is put into a more convenient form

by subtracting yt�1 from both sides of (12.4) to obtain

yt � yt�1 ¼ ryt�1 � yt�1 þ vt

Dyt ¼ ðr� 1Þyt�1 þ vt

¼ g yt�1 þ vt ð12:5aÞ

where g ¼ r� 1 andDyt ¼ yt � yt�1. Then, the hypotheses can bewritten in terms of either

r or g:

H0 :r ¼ 1 , H0 :g ¼ 0

H1 :r< 1 , H1 :g< 0

Note that the null hypothesis is that the series is nonstationary. In other words, if we do not

reject the null, we conclude that it is a nonstationary process; if we reject the null hypothesis

that g ¼ 0, then we conclude that the series is stationary.

12.3.2 DICKEY–FULLER TEST 2 (WITH CONSTANT BUT NO TREND)

The second Dickey–Fuller test includes a constant term in the test equation:

Dyt ¼ aþ gyt�1 þ vt (12.5b)

The null and alternative hypotheses are the same as before. In this case, if we do not reject

the null hypothesis that g ¼ 0 (or r ¼ 1), we conclude that the series is nonstationary. If we

reject the null hypothesis that g ¼ 0, we conclude that the series is stationary.
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12.3.3 DICKEY–FULLER TEST 3 (WITH CONSTANT AND WITH TREND)

The third Dickey–Fuller test includes a constant and a trend in the test equation:

Dyt ¼ aþ gyt�1 þ lt þ vt (12.5c)

As before, the null and alternative hypotheses are H0 :g ¼ 0 and H1 :g< 0. If we do not

reject the null hypothesis that g ¼ 0 ðr ¼ 1Þ, we conclude that the series is nonstationary. If
we reject the null hypothesis that g ¼ 0, we conclude that the series is stationary.

12.3.4 THE DICKEY–FULLER CRITICAL VALUES

To test the hypothesis in all three cases, we simply estimate the test equation by least squares

and examine the t-statistic for the hypothesis that g ¼ 0. Unfortunately this t-statistic no

longer has the t-distribution that we have used previously to test zero null hypotheses for

regression coefficients. A problem arises because when the null hypothesis is true, yt is

nonstationary and has a variance that increases as the sample size increases. This increasing

variance alters the distribution of the usual t-statistic whenH0 is true. To recognize this fact,

the statistic is often called a t (tau) statistic, and its value must be compared to specially

generated critical values. Note that critical values are generated for the three different tests

because, aswe have seen in Section 12.1, the addition of the constant term and the time-trend

term changes the behavior of the time series.

Originally these critical values were tabulated by the statisticians Professor David

Dickey and Professor Wayne Fuller. The values have since been refined, but in deference to

the seminal work, unit root tests using these critical values have become known asDickey–

Fuller tests. Table 12.2 contains the critical values for the tau (t) statistic for the three cases;
they are valid in large samples for a one-tail test.

Note that the Dickey–Fuller critical values are more negative than the standard

critical values (shown in the last row). This implies that the t-statistic must take larger

(negative) values than usual for the null hypothesis of nonstationarity g ¼ 0 to be rejected in

favor of the alternative of stationarity g< 0. Specifically, to carry out this one-tail test of

significance, if tc is the critical value obtained from Table 12.2, we reject the null hypothesis

of nonstationarity if t � tc. If t> tc thenwe do not reject the null hypothesis that the series yt
is nonstationary. Expressed in a casual way, but one that avoids the proliferation of ‘‘double

negatives,’’ t � tc suggests that the series is stationary while t> tc suggests nonstationarity.
An important extension of the Dickey–Fuller test allows for the possibility that the error

term is autocorrelated. Such autocorrelation is likely to occur if our earlier models did not

have sufficient lag terms to capture the full dynamic nature of the process. Using the model

with an intercept as an example, the extended test equation is

Dyt ¼ aþ gyt�1 þ �
m

s¼1
asDyt�s þ vt (12.6)

where Dyt�1 ¼ ðyt�1 � yt�2Þ; Dyt�2 ¼ ðyt�2 � yt�3Þ; . . . . We add as many lagged first

difference terms as we need to ensure that the residuals are not autocorrelated. As we

discovered in Section 9.6, including lags of the dependent variable can be used to eliminate

autocorrelation in the errors. The number of lagged terms can be determined by examining

the autocorrelation function (ACF) of the residuals vt, or the significance of the estimated lag

coefficients as. The unit root tests based on (12.6) and its variants (intercept excluded or trend

included) are referred to as augmented Dickey–Fuller tests. The hypotheses for stationarity
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and nonstationarity are expressed in terms of g in the sameway and the test critical values are

the same as those for the Dickey–Fuller test shown in Table 12.2. When g ¼ 0, in addition to

saying that the series is nonstationary, we also say the series has a unit root. In practice, we

always use the augmented Dickey–Fuller test (rather than the nonaugmented version) to

ensure the errors are uncorrelated.

12.3.5 THE DICKEY FULLER TESTING PROCEDURES

Up to now, we have discussed a number of stationary and nonstationary processes as well as

threeDickey-Fuller tests. Howdowego about decidingwhich test to use? To understand the

rationale forwhatwe suggest, it is useful to first take a look at the design of the unit root tests.

The critical values for the three tests shown inTable 12.2were derived from the following

simulations:

� true process; yt ¼ yt�1 þ vt; vt � Nð0;s2Þ, test equation: yt ¼ ryt�1 þ vt

� true process; yt ¼ yt�1 þ vt; vt � Nð0;s2Þ, test equation: yt ¼ aþ ryt�1 þ vt

� true process; yt¼dþ yt�1 þ vt; vt�Nð0;s2Þ, test equation: yt ¼ aþ ryt�1 þ ltþ vt

Now take a look at Table 12.3. Column one shows the stationary autoregressive models

covered in Section 12.1.1, and column two shows the corresponding nonstationary pro-

cesses when r ¼ 1. As we can see the processes in column two correspond to the true

processes underlying the Dickey-Fuller tests described in column three while the processes

in column one are the test equations.

This then suggests the following Dickey-Fuller testing procedure. First plot the time

series of the variable and select a suitable Dickey-Fuller test based on a visual inspection of

the plot.

Ta b l e 1 2 . 3 AR processes and the Dickey-Fuller Tests

AR processes: rj j < 1 Setting r ¼ 1 Dickey Fuller Tests

yt ¼ ryt�1 þ ut yt ¼ yt�1 þ ut Test with no constant and no trend

yt ¼ aþ ryt�1 þ vt yt ¼ yt�1 þ vt Test with constant and no trend

a ¼ m(1�r) a ¼ 0

yt ¼ aþ ryt�1 þ lt þ vt yt ¼ dþ yt�1 þ vt Test with constant and trend

a ¼ ðmð1� rÞ þ rdÞ a ¼ d

l ¼ dð1� rÞ l ¼ 0

Ta b l e 1 2 . 2 Critical Values for the Dickey–Fuller Test

Model 1% 5% 10%

Dyt ¼ gyt�1 þ vt �2.56 �1.94 �1.62

Dyt ¼ aþ gyt�1 þ vt �3.43 �2.86 �2.57

Dyt ¼ aþ lt þ gyt�1 þ vt �3.96 �3.41 �3.13

Standard critical values �2.33 �1.65 �1.28

Note: These critical values are taken from R. Davidson and J. G. MacKinnon (1993), Estimation and Inference in

Econometrics, New York: Oxford University Press, p. 708.
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� If the series appears to be wandering or fluctuating around a sample average of zero

(see for example Figure 12.2(a) or Figure 12.2(d) with mean around zero), use test

equation (12.5a).

� If the series appears to be wandering or fluctuating around a sample average which is

nonzero (see for example Figure 12.2(b) or Figure 12.2(d) with a non-zero mean),

use test equation (12.5b).

� If the series appears to be wandering or fluctuating around a linear trend (see, for

example, Figure 12.5(c) or Figure 12.2(e)), use test equation (12.5c).

Second, proceed with one of the unit root tests described in Sections 12.3.1 to 12.3.3,

bearing in mind that it is important to choose the correct critical values as they depend upon

the test equation estimated, which, in turn, depends on the absence or presence of the

constant and trend terms.

12.3.6 THE DICKEY–FULLER TESTS: AN EXAMPLE

As an example, consider the two interest rate series—the federal funds rate ðFtÞ and the

three-year bond rate ðBtÞ—plotted in Figure 12.1(e) and 12.1(g), respectively. Both series

exhibit wandering behavior, so we suspect that they may be nonstationary variables. When

performing Dickey–Fuller tests, we need to decide whether to use (12.5a) with no constant,

or (12.5b) that includes a constant term, or (12.5c) that includes a constant and a

deterministic time trend t. As suggested earlier, (12.5b) is the appropriate test equation

because the series fluctuate around a nonzero mean. We also have to decide on how many

lagged difference terms to include on the right-hand side of the equation. Following

procedures described in Sections 9.3 and 9.4, we find that the inclusion of one lagged

difference term is sufficient to eliminate autocorrelation in the residuals in both cases. The

results from estimating the resulting equations are

bDFt ¼ 0:173� 0:045Ft�1 þ 0:561DFt�1

ðtauÞ ð�2:505Þ

bDBt ¼ 0:237� 0:056Bt�1 þ 0:237DBt�1

ðtauÞ ð�2:703Þ

The tau value ðtÞ for the federal funds rate is�2.505, and the 5% critical value for tau ðtcÞ
is �2.86. Again, recall that to carry out this one-tail test of significance, we reject the

null hypothesis of nonstationarity if t � tc. If t> tc thenwe donot reject the null hypothesis
that the series is nonstationary. In this case, since �2:505>�2:86, we do not reject the

null hypothesis that the series is nonstationary. Similarly, the tau value for the bond rate is

greater than the 5% critical value of �2.86 and again we do not reject the null hypothesis

that the series is nonstationary. Expressed another way, there is insufficient evidence to

suggest Ft and Bt are stationary.

12.3.7 ORDER OF INTEGRATION

Up to this stage, we have discussed only whether a series is stationary or nonstationary.

We can take the analysis another step forward and consider a concept called the ‘‘order of
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integration.’’ Recall that if yt follows a randomwalk, then g ¼ 0 and the first difference of yt
becomes

Dyt ¼ yt � yt�1 ¼ vt

An interesting feature of the series Dyt ¼ yt � yt�1 is that it is stationary since vt, being an

independent ð0;s2
vÞ random variable, is stationary. Series like yt, which can be made

stationary by taking the first difference, are said to be integrated of order one, and denoted

as I(1). Stationary series are said to be integrated of order zero, I(0). In general, the order of

integration of a series is the minimum number of times it must be differenced to make it

stationary.

For example, to determine the order of integration of F and B, we then ask the next

question: is the first difference of the federal funds rate ðDFt ¼ Ft � Ft�1Þ stationary?

Is the first difference of the bond rate ðDBt ¼ Bt � Bt�1Þ stationary? Their plots, in

Figure 12.1(f ) and 12.1(h), seem to suggest that they are stationary.

The results of theDickey–Fuller test for a randomwalk applied to the first differences are

given below:

bDðDFÞt ¼ �0:447ðDFÞt�1

ðtauÞ ð�5:487Þ

bDðDBÞt ¼ �0:701ðDBÞt�1

ðtauÞ ð�7:662Þ

where DðDFÞt ¼ DFt � DFt�1 and DðDBÞt ¼ DBt � DBt�1. Note that the null hypotheses

are that the variables DF and DB are not stationary. Also, because the series DF and DB
appear to fluctuate around zero,we use the test equationwithout the intercept term.Based on

the large negative value of the tau statistic ð�5:487<�1:94Þ, we reject the null hypothesis
that DFt is nonstationary and accept the alternative that it is stationary. We similarly

conclude that DBt is stationary ð�7:662<�1:94Þ.
This result implies that while the level of the federal funds rate ðFtÞ is nonstationary, its

first difference ðDFtÞ is stationary. We say that the series Ft is I(1) because it had to be

differenced once to make it stationary ½DFt is Ið0Þ�. Similarly we have also shown that the

bond rate ðBtÞ is integrated of order one. In the next section we investigate the implications

of these results for regression modeling.

12.4 Cointegration

As a general rule, nonstationary time-series variables should not be used in regression

models, to avoid the problem of spurious regression. However, there is an exception to this

rule. If yt and xt are nonstationary I(1) variables, then we expect their difference, or any

linear combination of them, such as et ¼ yt � b1 � b2xt,
3 to be I(1) as well. However, there

is an important casewhen et ¼ yt � b1 � b2xt is a stationary I(0) process. In this case yt and

xt are said to be cointegrated. Cointegration implies that yt and xt share similar stochastic

trends, and, since the difference et is stationary, they never diverge too far from each other.

A natural way to test whether yt and xt are cointegrated is to test whether the errors et ¼
yt � b1 � b2xt are stationary. Since we cannot observe et, we test the stationarity of the

3 A linear combination of x and y is a new variable z ¼ a0 þ a1xþ a2y. Here we set the constants a0 ¼
�b1; a1 ¼ �b2; and a2 ¼ 1, and call z the series e.
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least squares residuals, êt ¼ yt � b1 � b2xt using a Dickey–Fuller test. The test for co-

integrationiseffectivelyatestof thestationarityof theresiduals. If theresidualsarestationary,

thenyt andxt aresaid tobecointegrated; if the residualsarenonstationary, thenyt andxt arenot

cointegrated, and any apparent regression relationship between them is said to be spurious.

The test for stationarity of the residuals is based on the test equation

Dêt ¼ gêt�1 þ vt (12.7)

where Dêt ¼ êt � êt�1. As before, we examine the t (or tau) statistic for the estimated slope

coefficient. Note that the regression has no constant term because themean of the regression

residuals is zero.Also, sincewearebasing this testuponestimatedvaluesof the residuals, the

critical valueswill bedifferent from those inTable12.2.Theproper critical values for a test of

cointegration are given in Table 12.4. The test equation can also include extra terms like

Dêt�1;Dêt�2; . . . on the right-hand side if they are needed to eliminate autocorrelation in vt.

There are three sets of critical values.Which set we use depends onwhether the residuals

êt are derived from a regression equation without a constant term [like (12.8a)] or a

regression equation with a constant term [like (12.8b)], or a regression equation with

a constant and a time trend [like (12.8c)].

Equation 1 : êt ¼ yt � b xt (12.8a)

Equation 2 : êt ¼ yt � b2xt � b1 (12.8b)

Equation 3 : êt ¼ yt � b2xt � b1 � d̂t (12.8c)

12.4.1 AN EXAMPLE OF A COINTEGRATION TEST

To illustrate, let us test whether yt ¼ Bt and xt ¼ Ft, as plotted in Figure 12.1(e) and 12.1(g),

are cointegrated. We have already shown that both series are nonstationary. The estimated

least squares regression between these variables is

B̂t ¼ 1:140þ 0:914Ft; R2 ¼ 0:881

ðtÞ ð6:548Þð29:421Þ (12.9)

and the unit root test for stationarity in the estimated residuals ðêt ¼ Bt � 1:140
�0:914FtÞ is

Dêt ¼ �0:225êt�1 þ 0:254Dêt�1

ðtauÞ ð�4:196Þ

Ta b l e 1 2 . 4 Critical Values for the Cointegration Test

Regression model 1% 5% 10%

ð1Þ yt ¼ bxt þ et �3.39 �2.76 �2.45

ð2Þ yt ¼ b1 þ b2xt þ et �3.96 �3.37 �3.07

ð3Þ yt ¼ b1 þ dt þ b2xt þ et �3.98 �3.42 �3.13

Note: These critical values are taken from J. Hamilton (1994), Time Series Analysis, Princeton University Press,

p. 766.
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Note that this is the augmentedDickey–Fuller version of the test with one lagged termDet�1

to correct for autocorrelation. Since there is a constant term in (12.9), we use the equation

(2) critical values in Table 12.4.

The null and alternative hypotheses in the test for cointegration are

H0 : the series are not cointegrated , residuals are nonstationary

H1 : the series are cointegrated , residuals are stationary

Similar to the one-tail unit root tests, we reject the null hypothesis of no cointegration if

t � tc, and we do not reject the null hypothesis that the series are not cointegrated if t> tc.
The tau statistic in this case is�4.196 which is less than the critical value �3.37 at the 5%

level of significance. Thus, we reject the null hypothesis that the least squares residuals are

nonstationary and conclude that they are stationary. This implies that the bond rate and the

federal funds rate are cointegrated. In other words, there is a fundamental relationship

between these two variables (the estimated regression relationship between them is valid

and not spurious) and the estimated values of the intercept and slope are 1.140 and 0.914,

respectively.

The result—that the federal funds and bond rates are cointegrated—has major economic

implications! It means that when the Federal Reserve implements monetary policy by

changing the federal funds rate, the bond rate will also change thereby ensuring that

the effects of monetary policy are transmitted to the rest of the economy. In contrast, the

effectiveness of monetary policy would be severely hampered if the bond and federal funds

rates were spuriously related as this implies that their movements, fundamentally, have little

to do with each other.

12.4.2 THE ERROR CORRECTION MODEL

In the previous section, we discussed the concept of cointegration as the relationship

between I(1) variables such that the residuals are I(0). A relationship between I(1) variables

is also often referred to as a long run relationship while a relationship between I(0)

variables is often referred to as a short run relationship. In this section, we describe a

dynamic relationship between I(0) variables, which embeds a cointegrating relationship,

known as the short-run error correction model.

As discussed inChapter 9, when one is workingwith time-series data, it is quite common,

and in fact, is quite important to allow for dynamic effects. To derive the error correction

model requires a bit of algebra, but we shall persevere as this model offers a coherent way to

combine the long- and short-run effects.

Let us start with a general model that contains lags of y and x, namely the autoregressive

distributed lag (ARDL) model introduced in Chapter 9, except that now the variables are

nonstationary:

yt ¼ dþ u1yt�1 þ d0xt þ d1xt�1 þ vt

For simplicity, we shall consider lags up to order one, but the following analysis holds for

any order of lags. Now recognize that if y and x are cointegrated, itmeans that there is a long-

run relationship between them. To derive this exact relationship, we set yt ¼ yt�1 ¼ y, xt ¼
xt�1 ¼ x and vt ¼ 0 and then, imposing this concept in the ARDL, we obtain

yð1� u1Þ ¼ dþ ðd0 þ d1Þx
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This equation can be rewritten as y ¼ b1 þ b2x where b1 ¼ d=ð1� u1Þ and

b2 ¼ ðd0 þ d1Þ=ð1� u1Þ. To repeat, we have now derived the implied cointegrating

relationship between y and x; alternatively, we have derived the long-run relationship

that holds between the two I(1) variables.

Wewill nowmanipulate the ARDL to see how it embeds the cointegrating relation. First,

add the term, �yt�1, to both sides of the equation:

yt � yt�1 ¼ dþ ðu1 � 1Þyt�1 þ d0xt þ d1xt�1 þ vt:

Second, add the term �d0xt�1 þ d0xt�1 to the right-hand side to obtain

Dyt ¼ dþ ðu1 � 1Þyt�1 þ d0ðxt � xt�1Þ þ ðd0 þ d1Þxt�1 þ vt

where Dyt ¼ yt � yt�1. If we then manipulate the equation to look like

Dyt ¼ ðu1 � 1Þ d

ðu1 � 1Þ þ yt�1 þ ðd0 þ d1Þ
ðu1 � 1Þ xt�1

� �
þ d0Dxt þ vt

where Dxt ¼ xt � xt�1, and do a bit more tidying, using the definitions b1 and b2, we get

Dyt ¼ �a yt�1 � b1 � b2xt�1ð Þ þ d0Dxt þ vt (12.10)

where a ¼ ð1� u1Þ. As you can see, the expression in parenthesis is the cointegrating

relationship. In other words, we have embedded the cointegrating relationship between y

and x in a general ARDL framework.

Equation (12.10) is called an error correction equation because (a) the expression

yt�1 � b1 � b1xt�1ð Þ shows the deviation of yt�1 from its long run value, b1 þ b2xt�1—in

other words, the ‘‘error’’ in the previous period—and (b) the term (u1�1) shows the

‘‘correction’’ of Dyt to the ‘‘error.’’ More specifically, if the error in the previous period is

positive so that yt�1 > b0 þ b1xt�1ð Þ, then yt should fall and Dyt should be negative;

conversely, if the error in the previous period is negative so that yt�1 < b0 þ b1xt�1ð Þ, then
yt should rise and Dyt should be positive. This means that if a cointegrating relationship

between y and x exists, so that adjustments always work to ‘‘error-correct,’’ then empirically

we should also find that ð1� u1Þ > 0, which implies that u1 < 1. If there is no evidence of

cointegration between the variables, then the term u1 would be insignificant.

The error correction model is a very popular model because it allows for the existence of

an underlying or fundamental link between variables (the long-run relationship) as well as

for short-run adjustments (i.e. changes) betweenvariables, including adjustments to achieve

the cointegrating relationship. It also shows that we can work with I(1) variables ðyt�1; xt�1Þ
and I(0) variables (Dyt, Dxt) in the same equation provided that (y, x) are cointegrated,

meaning that the term ðyt�1 � b0 � b1xt�1Þ contains stationary residuals. In fact, this

formulation can also be used to test for cointegration between y and x.

To illustrate, consider our earlier example of the bond and federal funds rates. The result

from estimating (12.10) using nonlinear least squares is

DB̂t ¼ �0:142ðBt�1 � 1:429� 0:777Ft�1Þ þ 0:842DFt � 0:327DFt�1

ðtÞ ð2:857Þ ð9:387Þ ð3:855Þ

Note first that we need two lags ðDFt;DFt�1Þ to ensure that the residuals are purged of all
serial correlation effects. Second, note that the estimate û1 ¼ �0:142þ 1 ¼ 0:858 is less

than one, as expected.
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We can now generate the estimated residuals:

êt�1 ¼ ðBt�1 � 1:429� 0:777Ft�1Þ

The result from applying the ADF test for stationarity is

Dêt ¼ �0:169êt�1 þ 0:180Dêt�1

ðtÞ ð�3:929Þ

As before, the null is that (B, F) are not cointegrated. Since the cointegrating relationship

includes a constant term, the critical value is �3.37. Comparing the calculated value

(�3.929) with the critical value, we reject the null hypothesis and conclude that (B, F) are

cointegrated.

12.5 Regression When There Is No Cointegration

Thus far, we have shown that regression with I(1) variables is acceptable providing those

variables are cointegrated, allowing us to avoid the problem of spurious results. We also

know that regression with stationary I(0) variables, that we studied in Chapter 9, is

acceptable. What happens when there is no cointegration between I(1) variables? In this

case, the sensible thing to do is to convert the nonstationary series to stationary series and to

use the techniques discussed in Chapter 9 to estimate dynamic relationships between the

stationary variables. However, we stress that this step should be taken only when we fail to

find cointegration between the I(1) variables. Regression with cointegrated I(1) variables

makes the least squares estimator ‘‘super-consistent’’4 and, moreover, is economically

useful to establish relationships between the levels of economic variables.

How we convert nonstationary series to stationary series, and the kind of model we

estimate, depend on whether the variables are difference stationary or trend stationary.

In the former case, we convert the nonstationary series to its stationary counterpart by taking

first differences. In the latter case, we convert the nonstationary series to its stationary

counterpart by de-trending. We now explore these issues.

12.5.1 FIRST DIFFERENCE STATIONARY

Consider a variable yt that behaves like the random walk model:

yt ¼ yt�1 þ vt

This is a nonstationary series with a ‘‘stochastic’’ trend, but it can be rendered stationary by

taking the first difference:

Dyt ¼ yt � yt�1 ¼ vt

The variable yt is said to be a first difference stationary series. Recall that this means that y

is said to be integrated of order 1. Now suppose that Dickey–Fuller tests reveal that two

variables, y and x, that youwould like to relate in a regression, are first difference stationary,

4Consistency means that as T!1 the least squares estimator converges to the true parameter value. See

Appendix 5B. Super-consistency means that it converges to the true value at a faster rate.
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I(1), and not cointegrated. Then, a suitable regression involving only stationary variables is

one that relates changes in y to changes in x, with relevant lags included, and no intercept.

For example, using one lagged Dyt and a current and lagged Dxt, we have

Dyt ¼ uDyt�1 þ b0Dxt þ b1Dxt�1 þ et (12.11a)

Now consider a series yt that behaves like a random walk with drift,

yt ¼ aþ yt�1 þ vt

and note that y can be rendered stationary by taking the first difference:

Dyt ¼ aþ vt

The variable yt is also said to be a first difference stationary series, even though it is

stationary around a constant term. Now suppose again that y and x are I(1) and not

cointegrated. Then an example of a suitable regression equation, again involving stationary

variables, is obtained by adding a constant to (12.11a). That is,

Dyt ¼ aþ uDyt�1 þ b0Dxt þ b1Dxt�1 þ et (12.11b)

In line with Section 9.7, the models in (12.11a) and (12.11b) are autoregressive

distributed lag models with first-differenced variables. In general, since there is often

doubt about the role of the constant term, the usual practice is to include an intercept term

in the regression.

12.5.2 TREND STATIONARY

Consider a model with a constant term, a trend term, and a stationary error term:

yt ¼ aþ dt þ vt

The variable yt is said to be trend stationary because it can bemade stationary by removing

the effect of the deterministic (constant and trend) components

yt � a� dt ¼ vt

A series like this is, strictly speaking, not an I(1) variable, but is described as stationary

around a deterministic trend. Thus, if y and x are two trend-stationary variables, a possible

autoregressive distributed lag model is

y�t ¼ uy�t�1 þ b0x
�
t þ b1x

�
t�1 þ et (12.12)

where y�t ¼ yt � a1 � d1t and x
�
t ¼ xt � a2 � d2t are the de-trended data (the coefficients

ða1; d1Þ and ða2; d2Þ can be estimated by least squares).

As an alternative to using the de-trended data for estimation, a constant term and a trend

term can be included directly in the equation. For example, by substituting y�t and x�t into
(12.12), it can be shown that estimating (12.12) is equivalent to estimating

yt ¼ aþ dt þ uyt�1 þ b0xt þ b1xt�1 þ et
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where a ¼ a1ð1� u1Þ � a2ðb0 þ b1Þ þ u1d1 þ b1d2 and d ¼ d1ð1� u1Þ � d2ðb0 þ b1Þ.
In practice, this is usually the preferred option as it is relatively more straightforward.

12.5.3 SUMMARY

� If variables are stationary, or I(1) and cointegrated, we can estimate a regression

relationship between the levels of those variables without fear of encountering a

spurious regression. In the later case, we can do this by estimating a least squares

equation between the I(1) variables or by estimating a nonlinear least squares error

correction model which embeds the I(1) variables.

� If the variables are I(1) and not cointegrated, we need to estimate a relationship in first

differences, with or without the constant term.

� If they are trend stationary, we can either de-trend the series first and then perform

regression analysis with the stationary (de-trended) variables or, alternatively,

estimate a regression relationship that includes a trend variable. The latter alternative

is typically applied.

These options are shown in Figure 12.4.

12.6 Exercises

12.6.1 Problems

12.1 (a) Consider an AR(1) model

yt ¼ ryt�1 þ vt; jrj< 1

Rewrite y as a function of lagged errors. (Hint: perform recursive substitution.)

What is the mean and variance of y?What is the covariance between yt and yt�2?

Regressions with Nonstationary Variables

Stochastic TrendTrend Stationary

Cointegrated Not cointegrated
Estimate an ARDL
model in levels with

a trend term
included

Estimate long-run
equation with least

squares

Estimate short-run
error correction

model

Estimate ARDL
model in first
differences

FIGURE 12.4 Regression with time-series data: nonstationary variables.
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(b) Consider a random walk model

yt ¼ yt�1 þ vt

Rewrite y as a function of lagged errors. What is the mean and variance of y?

What is the covariance between yt and yt�2?

12.2 Figure 12.5 (data file unit.dat) shows plots of four time series. SinceWandY appear to

be fluctuating around a nonzero mean, a Dickey–Fuller test 2 (with constant but no

trend) was performed on these variables. Since X and Z appear to be fluctuating

around a trend, a Dickey–Fuller test 3 (with constant and trend) was performed for

these two variables. The results are shown below.

bDWt ¼ 0:757� 0:091Wt�1

ðtauÞ ð�3:178Þ
bDYt ¼ 0:031� 0:039Yt�1

ðtauÞ ð�1:975Þ
bDXt ¼ 0:782� 0:092Xt�1 þ 0:009t

ðtauÞ ð�3:099Þ
bDZt ¼ 0:332� 0:036Zt�1 þ 0:005t
ðtauÞ ð�1:913Þ

Which series are stationary, and which are nonstationary?
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FIGURE 12.5 Time series for Exercise 12.2.
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12.3 A time series process of the form yt ¼ aþ yt�1 þ vt; vt � Nð0;s2Þ can be

rearranged as yt � yt�1 ¼ Dyt ¼ aþ vt. This shows that yt is integrated of order

one, since its first difference is stationary. Show that a time series of the form yt ¼
2yt�1 � yt�2 þ aþ vt is integrated of order two.

12.6.2 COMPUTER EXERCISES

12.4 The data file oil.dat contains 88 annual observations on the price of oil (in 1967

constant dollars) for the period 1883–1970.

(a) Plot the data. Do the data look stationary, or nonstationary?

(b) Use a unit root test to demonstrate that the series is stationary.

(c) What do you conclude about the order of integration of this series?

12.5 The data file bond.dat contains 102monthly observations onAA railroad bond yields

for the period January 1968 to June 1976.

(a) Plot the data. Do railroad bond yields appear stationary, or nonstationary?

(b) Use a unit root test to demonstrate that the series is nonstationary.

(c) Find the first difference of the bond yield series and test for stationarity.

(d) What do you conclude about the order of integration of this series?

12.6 The data file oz.dat contains quarterly data on disposable income and consumption in

Australia from 1985:1 to 2005:2.

(a) Test each of these series for stationarity.

(b) What do you conclude about the ‘‘order of integration’’ of each of these series?

(c) Is consumption cointegrated with, or spuriously related to, disposable income?

12.7 The data file texas.dat contains 57 quarterly observations on the real price of oil

(RPO), Texas nonagricultural employment (TXNAG), and nonagricultural employ-

ment in the rest of the United States (USNAG). The data cover the period 1974Q1

through 1988Q1 and were used in a study by Fomby and Hirschberg [T. B. Fomby

and J. G. Hirschberg, ‘‘Texas in Transition: Dependence on Oil and the National

Economy,’’FederalReserveBankofDallasEconomicReview, January1989, 11–28].

(a) Show that the levels of the variables TXNAG and USNAG are nonstationary

variables.

(b) Atwhat significance level do you conclude that the changes DTX ¼ TXNAG�
TXNAG(�1) and DUS ¼ USNAG�USNAG(�1) are stationary variables?

(c) Are the nonstationary variables TXNAG andUSNAG cointegrated, or spuriously

related?

(d) Are the stationary variables DTX and DUS related?

(e) What is the difference between (d) and (c)?

12.8 The data file usa.dat contains the data shown in Figure 12.1. Consider the two time

series, real GDP and the inflation rate.

(a) Are the series stationary, or nonstationary?Which Dickey–Fuller test (no constant,

no trend; with constant, no trend; or with constant and with trend) did you use?

(b) What do you conclude about the order of integration of these series?

(c) Forecast GDP and inflation for 2010:1.

12.9 The data file canada.dat contains monthly Canadian/U.S. exchange rates for the

period 1971:01 to 2006:12. Split the observations into two sample periods—a

1971:01–1987:12 sample period and a 1988:01–2006:12 sample period.

(a) Perform a unit root test on the data for each sample period.WhichDickey–Fuller

test did you use?

(b) Are the results for the two sample periods consistent?
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(c) Perform a unit root test for the full sample 1971:01–2006:12.What is the order of

integration of the data?

12.10 The data file csi.dat contains the Consumer Sentiment Index (CSI), produced by the

University of Michigan for the sample period 1978:01–2006:12.

(a) Perform all threeDickey–Fuller tests. Are the results consistent? If not, why not?

(b) Based on a graphical inspection of the data, which test should you have used?

(c) Does the CSI suggest that consumers ‘‘remember’’ and ‘‘retain’’ news infor-

mation for a short time, or for a long time?

12.11 The data filemexico.dat contains real GDP forMexico and theUnites States from the

first quarter of 1980 to the third quarter of 2006. Both series have been standardized

so that the average value in 2,000 is 100.

(a) Perform the test for cointegration between Mexico and the Unites States for all

three test equations in (12.8). Are the results consistent?

(b) The theory of convergence in economic growth suggests the twoGDPs should be

proportionalandcointegrated.That is, thereshouldbeacointegratingrelationship

that does not contain an intercept or a trend. Do your results support this theory?

(c) If the variables are not cointegrated, what should you do if you are interested in

testing the relationship between Mexico and the United States?

12.12 The file inter2.dat contains 300 observations of a generated I(2) process shown in

Figure 12.6 below. Show that the variable called inter2 is indeed an I(2) variable by

conducting a number of unit root tests—first on the level of the data, then on the first

difference and finally on the second difference.

12.13 Prices around the world tend to move together. The data file ukpi.dat contains

information about the price indices in the United Kingdom and in the Euro Area (the

United Kingdom is a member of the European Union, but not a member of the single

European currency zone) for the period 1996:1–2009:12.

(a) Plot the data. Are the series I(1) or I(0)?

(b) Are prices in the UK and in the Euro Area cointegrated, or spuriously related?

Use both the least squares and the error correctionmethod to test this proposition.
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FIGURE 12.6 A generated I(2) process.
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C h a p t e r 13
Vector Error Correction and
Vector Autoregressive Models

Learning Objectives

Based on the material in this chapter, you should be able to do the following:

1. Explain why economic variables are dynamically interdependent.

2. Explain the VEC model.

3. Explain the importance of error correction.

4. Explain the VAR model.

5. Explain the relationship between a VEC model and a VAR model.

6. Explain how to estimate the VEC and VAR models for the bivariate case.

7. Explain how to generate impulse response functions and variance decompositions

for the simple case when the variables are not contemporaneously interdependent

and the shocks are not correlated.

In Chapter 12, we studied the time-series properties of data and cointegrating relationships

between pairs of nonstationary series. In those examples, we assumed that one of the

variables was the dependent variable (let us call it yt) and that the other was the independent

variable ðsay xtÞ, and we treated the relationship between yt and xt like a regression model.

However, a priori, unless we have good reasons not to, we could just as easily have assumed

that yt is the independent variable and xt is the dependent variable. Put simply, we

are working with two variables fyt; xtg and the two possible regression models relating

them are

yt ¼ b10 þ b11xt þ e
y
t ; e

y
t �Nð0;s2

yÞ (13.1a)

Keywords

dynamic relationships

error correction

forecast error variance decomposition

identification problem

impulse response functions

VAR model

VEC model
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xt ¼ b20 þ b21yt þ e x
t ; e x

t �Nð0;s2
xÞ (13.1b)

In this bivariate (two series) system there can be only one unique relationship between xt and

yt, and so it must be the case that b21 ¼ 1=b11 and b20 ¼ �b10=b11. A bit of terminology:

for (13.1a) we say that we have normalized on y (meaning that the coefficient in front of y is

set to 1), whereas for (13.1b) we say that we have normalized on x (meaning that the

coefficient in front of x is set to 1).

Is it better towrite the relationship as (13.1a) or (13.1b), or is it better to recognize that in

many relationships, variables like y and x are simultaneously determined? The aim of this

chapter is to explore the causal relationship between pairs of time-series variables. In doing

so, we shall be extending our study of time-series data to take account of their dynamic

properties and interactions. In particular, we will discuss the vector error correction

(VEC) and vector autoregressive (VAR) models. We will learn how to estimate a VEC

model when there is cointegration between I(1) variables, and how to estimate a VARmodel

when there is no cointegration. Note that this is an extension of the single-equation models

examined in chapter 12.

Some important terminology emerges here. Univariate analysis examines a single data

series. Bivariate analysis examines a pair of series. The term vector indicates that we are
considering a number of series: two, three, ormore. The term ‘‘vector’’ is a generalization of

the univariate and bivariate cases.

13.1 VEC and VAR Models

Let us begin with two time-series variables yt and xt and generalize the discussion about

dynamic relationships in Chapter 9 to yield a system of equations:

yt ¼ b10 þ b11yt�1 þ b12xt�1 þ v
y
t

xt ¼ b20 þ b21yt�1 þ b22xt�1 þ v x
t

(13.2)

The equations in (13.2) describe a system in which each variable is a function of its own lag

and the lag of the other variable in the system. In this case, the system contains two variables

y and x. In the first equation yt is a function of its own lag yt�1 and the lag of the other variable

in the system xt�1. In the second equation xt is a function of its own lag xt�1 and the lag of the

other variable in the system yt�1. Together the equations constitute a system known as a

vector autoregression (VAR). In this example, since the maximum lag is of order 1, we have

a VAR(1).

If y and x are stationary I(0) variables, the above system can be estimated using least

squares applied to each equation. If, however, y and x are nonstationary I(1) and not

cointegrated, then as discussed inChapter 12,weworkwith the first differences. In this case,

the VAR model is

Dyt ¼ b11Dyt�1 þ b12Dxt�1 þ v
Dy
t

Dxt ¼ b21Dyt�1 þ b22Dxt�1 þ vDxt
(13.3)

All variables are now I(0), and the system can again be estimated by least squares. To recap: the

VARmodel is a general framework todescribe thedynamic interrelationship between stationary

variables. Thus, if y and x are stationary I(0) variables, the system in (13.2) is used. On the other

hand, if y and x are I(1) variables but are not cointegrated, we examine the interrelation between

them using a VAR framework in first differences (13.3).
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If y and x are I(1) and cointegrated, then we need to modify the system of equations to allow

for the cointegrating relationship between the I(1) variables.We do this for two reasons. First, as

economists, we like to retain and use valuable information about the cointegrating relationship,

and second, as econometricians, we like to ensure that we use the best technique that takes into

account the properties of the time-series data. Recall the chapter on simultaneous equations—

the cointegrating equation is one way of introducing simultaneous interactions without req-

uiring the data to be stationary. Introducing the cointegrating relationship leads to a model

known as the VEC model. We turn now to this model.

Consider two nonstationary variables yt and xt that are integrated of order 1: yt � Ið1Þ
and xt � Ið1Þ and which we have shown to be cointegrated, so that

yt ¼ b0 þ b1xt þ et (13.4)

and êt � Ið0Þ where êt are the estimated residuals. Note that we could have chosen to

normalize on x. Whether we normalize on y or x is often determined from economic theory;

the critical point is that there can be at most one fundamental relationship between the two

variables.

The VECmodel is a special form of the VAR for I(1) variables that are cointegrated. The

VEC model is

Dyt ¼ a10 þ a11ðyt�1 � b0 � b1xt�1Þ þ v
y
t

Dxt ¼ a20 þ a21ðyt�1 � b0 � b1xt�1Þ þ v x
t

(13.5a)

which we can expand as

yt ¼ a10 þ ða11 þ 1Þyt�1 � a11b0 � a11b1xt�1 þ v
y
t

xt ¼ a20 þ a21yt�1 � a21b0 � ða21b1 � 1Þxt�1 þ v x
t

(13.5b)

Comparing (13.5b) with (13.2) shows the VEC as a VARwhere the I(1) variable yt is related

to other lagged variables (yt�1 and xt�1) and where the I(1) variable xt is also related to

the other lagged variables (yt�1 and xt�1). Note, however, that the two equations contain the

common cointegrating relationship.

The coefficients a11,a21 are known as error correction coefficients, so named because

they show how much Dyt and Dxt respond to the cointegrating error yt�1 � b0 � b1xt�1 ¼
et�1. The idea that the error leads to a correction comes about because of the conditions put

ona11;a21 to ensure stability, namely ð�1<a11 � 0Þ and ð0 � a21 < 1Þ. To appreciate this
idea, consider a positive error et�1 > 0 that occurred because yt�1 > ðb0 þ b1xt�1Þ. A
negative error correction coefficient in the first equation ða11Þ ensures that Dy falls, while
the positive error correction coefficient in the second equation ða21Þ ensures that Dx rises,
thereby correcting the error. Having the error correction coefficients less than 1 in absolute

value ensures that the system is not explosive. Note that the VEC is a generalization of the

error-correction (single-equation) model discussed in Chapter 12. In the VEC (system)

model, both yt and xt ‘‘error-correct.’’

The error correction model has become an extremely popular model because its interpret-

ation is intuitively appealing. Think about two nonstationary variables, say consumption (let us

call it yt) and income (let us call it xt), that we expect to be related (cointegrated). Now think

about a change inyour incomeDxt, say a pay raise!Consumptionwillmost likely increase, but it

may take you a while to change your consumption pattern in response to a change in your pay.

The VEC model allows us to examine how much consumption will change in response to a
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change in the explanatory variable (the cointegration part, yt ¼ b0 þ b1xt þ etÞ, as well as the
speed of the change (the error correction part, Dyt ¼ a10 þ a11ðet�1Þ þ v

y
t where et�1 is

the cointegrating error).

There is one final point to discuss—the role of the intercept terms. Thus far, we have

introduced an intercept term in the cointegrating equation ðb0Þ as well as in the VEC (a10

and a20). However, doing so can create a problem. To see why, we collect all the intercept

terms and rewrite (13.5b) as

yt ¼ ða10 � a11b0Þ þ ða11 þ 1Þyt�1 � a11b1xt�1 þ v
y
t

xt ¼ ða20 � a21b0Þ þ a21yt�1 � ða21b1 � 1Þxt�1 þ v x
t

(13.5c)

If we estimate each equation by least squares, we obtain estimates of composite terms

ða10 � a11b0Þ and ða20 � a21b0Þ, and we are not able to disentangle the separate effects of
b0; a10, and a20. In the next section, we discuss a simple two-step least squares procedure

that gets around this problem. However, the lesson here is to check whether, and where, an

intercept term is needed.

13.2 Estimating a Vector Error Correction Model

There are many econometric methods to estimate the error correction model. Nonlinear

(system) least squares is one method, but the most straightforward method is to use a two-

step least squares procedure. First, use least squares to estimate the cointegrating relation-

ship yt ¼ b0 þ b1xt þ et and generate the lagged residuals êt�1 ¼ yt�1 � b0 � b1xt�1.

Second, use least squares to estimate the equations:

Dyt ¼ a10 þ a11 êt�1 þ v y
t (13:6a)

Dxt ¼ a20 þ a21 êt�1 þ v x
t (13:6b)

Note that all the variables in (13.6) ðDy;Dx and êÞ are stationary (recall that for y and x to be
cointegrated, the residuals ê must be stationary). Hence, the standard regression analysis

studied in earlier chapters may be used to test the significance of the parameters. The usual

residual diagnostic tests may be applied.

Weneed to be careful here about howwe combine stationary and nonstationary variables in a

regression model. Cointegration is about the relationship between I(1) variables. The co-

integrating equation does not contain I(0) variables. The corresponding VEC model, however,

relates the change in an I(1) variable ðthe Ið0Þ variables Dy and Dx) to other I(0) variables,

namely the cointegration residuals êt�1; if required, other stationary variablesmay be added. In

other words, we should not mix stationary and nonstationary variables: an I(0) dependent

variable on the left-hand side of a regression equation should be ‘‘explained’’ by other I(0)

variables on the right-hand side and an I(1) dependent variable on the left-hand side of a

regression equation should be explained by other I(1) variables on the right-hand side.

13.2.1 EXAMPLE

In Figure 13.1 the quarterly real GDP of a small economy (Australia) and a large economy

(United States) for the sample period 1970:1 to 2000:4 are displayed. Note that the series have

beenscaledsothatbotheconomiesshowarealGDPvalueof100in2000.Theyappearinthefile

gdp.dat. It appears from thefigure that both series are nonstationary and possibly cointegrated.
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Formal unit root tests of the series confirm that they are indeed nonstationary. To check

for cointegration we obtain the fitted equation in (13.7) (the intercept term is omitted

because it has no economic meaning):

Ât ¼ 0:985Ut; (13.7)

where A denotes real GDP for Australia and U denotes real GDP for the United States.

Note that we have normalized on A because it makes more sense to think of a small

economy responding to a large economy. The residuals derived from the cointegrating

relationship êt ¼ At � 0:985Ut are shown in Figure 13.2. Their first order autocorrelation

is 0.870, and a visual inspection of the time series suggests that the residuals may be

stationary.

A formal unit root test is performed, and the estimated unit root test equation is

bDet ¼ �0:128êt�1

ðtauÞ ð�2:889Þ
(13.8)
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FIGURE 13.2 Residuals derived from the cointegrating relationship.
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FIGURE 13.1 Real gross domestic products (GDP ¼ 100 in 2000).
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Since the cointegrating relationship does not contain an intercept term [see Chapter 12,

(12.8a)], the 5% critical value is �2.76. The unit root t-value of �2.889 is less than �2.76.

We reject the null of no cointegration and we conclude that the two real GDP series are

cointegrated. This result implies that economic activity in the small economy (Australia, At)

is linked to economic activity in the large economy (United States, Ut). If Ut were to

increase by one unit, At would increase by 0.985. But the Australian economy may not

respond fully by this amount within the quarter. To ascertain how much it will respond with

in a quarter, we estimate the error correction model by least squares. The estimated VEC

model for fAt; Utg is

bDAt ¼ 0:492� 0:099êt�1

ðtÞ ð2:077Þ
bDUt ¼ 0:510þ 0:030êt�1

ðtÞ ð0:789Þ

(13.9)

The results show that both error correction coefficients are of the appropriate sign. The

negative error correction coefficient in the first equation (�0.099) indicates that DA falls

(i.e., At falls or DAt is negative) while the positive error correction coefficient in the second

equation (0.030) indicates that DU rises (i.e., Ut rises or DUt is positive), when there is a

positive cointegrating error (êt�1 > 0 or At�1 > 0:985Ut�1). This behavior (negative change

in A and positive change in U) ‘‘corrects’’ the cointegrating error. The error correction

coefficient (�0.099) is significant at the 5% level; it indicates that the quarterly adjustment

ofAt will be about 10% of the deviation ofAt�1 from its cointegrating value 0:985Ut�1. This

is a slow rate of adjustment. However, the error correction coefficient in the second equation

(0.030) is insignificant; it suggests that DU does not react to the cointegrating error. This

outcome is consistent with the view that the small economy is likely to react to economic

conditions in the large economy, but not vice versa.

13.3 Estimating a VAR Model

The VEC is a multivariate dynamic model that incorporates a cointegrating equation. It is

relevant when, for the bivariate case, we have two variables, say y and x, that are both I(1),

but are cointegrated. Now we ask: what should we do if we are interested in the

interdependencies between y and x, but they are not cointegrated? In this case, we estimate

a vector autoregressive (VAR) model as shown in (13.3).

As an example, consider Figure 13.3, which shows the log of real personal disposable

income (denoted as Y ) and log of real personal consumption expenditure (denoted as C) for

the U.S. economy over the period 1960:1 to 2009:4. Both series appear to be nonstationary,

but are they cointegrated? The data are in the file fred.dat.

The ADF tests for unit roots for C and Y (for the case with an intercept only) give values

�1.995 and �2.741, respectively. Given a critical value of �2.876 at the 5% level of

significance, we may conclude that the series are nonstationary. The test for cointegration

for the case normalized on C is shown below:

êt ¼ Ct þ 0:404� 1:035Yt

Dêt ¼ �0:088êt�1 � 0:299Dêt�1

ðtauÞ ð� 2:873Þ
(13.10)
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This is a Case 2 test [see Chapter 12, (12.8b)], since the cointegrating relationship

contains an intercept term. Note that an intercept term has been included here to capture

the component of (log) consumption that is independent of disposable income. The 5%

critical value of the test for stationarity in the cointegrating residuals is �3.37. Since the

tau (unit root t-value) of �2.873 is greater than �3.37, it indicates that the errors are not

stationary, and hence that the relationship between C (i.e., ln(RPCE)) and Y (i.e.,

ln(RPDI)) is spurious—that is, we have no cointegration. Thus, we would not apply

a VEC model to examine the dynamic relationship between aggregate consumption

C and income Y. Instead we would estimate a VAR model for the set of I(0) variables

{DCt, DYt}.

For illustrative purposes, the order of lag in this example has been restricted to one. In

general, we should test for the significance of lag terms greater than one. The results are

DĈt ¼ 0:005þ 0:215DCt�1 þ 0:149DYt�1

ðtÞ ð6:969Þ ð2:884Þ ð2:587Þ ð13:11aÞ
DŶ t ¼ 0:006þ 0:475DCt�1 � 0:217DYt�1

ðtÞ ð6:122Þ ð4:885Þ ð2:889Þ ð13:11bÞ

The first equation (13.11a) shows that the quarterly growth in consumption (DCt) is

significantly related to its own past value (DCt�1) and also significantly related to the

quarterly growth in the last period’s income (DYt�1). The second equation (13.11b) shows

that DYt is significantly negatively related to its own past value but significantly positively

related to the last period’s change in consumption. The constant terms capture the fixed

component in the change in log consumption and the change in log income.

Having estimated these models, can we infer anything else? If the system is subjected to

an income shock, what is the effect of the shock on the dynamic path of the quarterly growth

in consumption and income? Will they rise, and if so, by how much? If the system is also

subjected to a consumption shock, what is the contribution of an income versus a

consumption shock on the variation of income? We turn now to some analysis suited to

addressing these questions.
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FIGURE 13.3 Real personal disposable income and real personal consumption expenditure (in

logarithms).
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13.4 Impulse Responses and Variance Decompositions

Impulse response functions and variance decompositions are techniques that are used by

macroeconometricians to analyze problems such as the effect of an oil price shock on

inflation and GDP growth, and the effect of a change in monetary policy on the economy.

13.4.1 IMPULSE RESPONSE FUNCTIONS

Impulse response functions show the effects of shocks on the adjustment path of the

variables. To help us understand this, we shall first consider a univariate series.

13.4.1a The Univariate Case

Consider a univariate series yt ¼ ryt�1 þ vt and subject it to a shock of size v in period one.

Assume an arbitrary starting value of y at time zero: y0 ¼ 0. (Since we are interested in the

dynamic path, the starting point is irrelevant.) At time t ¼ 1; following the shock, the value
of y will be: y1 ¼ ry0 þ v1 ¼ v. Assume that there are no subsequent shocks in later time

periods ½v2 ¼ v3 ¼ � � � ¼ 0�, at time t ¼ 2, y2 ¼ ry1 ¼ rv. At time t ¼ 3,

y3 ¼ ry2 ¼ rðry1Þ ¼ r2v, and so on. Thus the time-path of y following the shock is

fv; rv; r2v; . . .g. The values of the coefficients f1; r; r2; . . .g are known as multipliers,

and the time-path of y following the shock is known as the impulse response function.

To illustrate, assume that r ¼ 0:9 and let the shock be unity: v ¼ 1. According to the

analysis, y will be f1, 0:9, 0:81, . . .g; approaching zero over time. This impulse response

function is plotted in Figure 13.4. It shows us what happens to y after a shock. In this case, y

initially rises by the full amount of the shock and then it gradually returns to the value before

the shock.

13.4.1b The Bivariate Case

Now, let us consider an impulse response function analysis with two time series based on a

bivariate VAR system of stationary variables:

yt ¼ d10 þ d11yt�1 þ d12xt�1 þ v
y
t

xt ¼ d20 þ d21yt�1 þ d22xt�1 þ v x
t

(13.12)
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FIGURE 13.4 Impulse responses for an AR(1) model yt ¼ 0:9 yt�1 þ et following a unit shock.
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In this case, there are two possible shocks to the system—one to y and the other to x. Thuswe

are interested in four impulse response functions—the effect of a shock to y on the time-

paths of y and x and the effect of a shock to x on the time-paths of y and x.

The actual mechanics of generating impulse responses in a system is complicated by the

facts that (i) one has to allow for interdependent dynamics (the multivariate analog of

generating the multipliers) and (ii) one has to identify the correct shock from unobservable

data. Taken together, these two complications lead to what is known as the identification

problem. In this chapter, we consider a special case where there is no identification

problem.1 This special case occurs when the system that is described in (13.12) is a true

representation of the dynamic system—namely, y is related only to lags of y and x, and x is

related only to lags of y and x. In other words, y and x are related dynamically, but not

contemporaneously. The current value xt does not appear in the equation for yt and the

current value yt does not appear in the equation for xt. Also, we need to assume that the errors

v x
t and v

y
t are independent of each other (contemporaneously uncorrelated). In addition, we

assume that v y �Nð0;s2
yÞ and v x �Nð0;s2

xÞ.
Consider the case when there is a one–standard deviation shock (alternatively called

an innovation) to y so that at time t ¼ 1, v
y
1 ¼ sy, and v

y
t is zero thereafter. Assume

vxt ¼ 0 for all t. It is traditional to consider a standard deviation shock (innovation)

rather than a unit shock to overcome measurement issues. Assume y0 ¼ x0 ¼ 0. Also,

since we are focusing on how a shock changes the paths of y and x, we can ignore the

intercepts. Then

1. When t ¼ 1, the effect of a shock of size sy on y is y1 ¼ v
y
1 ¼ sy, and the effect on x

is x1 ¼ v x
1 ¼ 0.

2. When t ¼ 2, the effect of the shock on y is

y2 ¼ d11y1 þ d12x1 ¼ d11sy þ d120 ¼ d11sy

and the effect on x is

x2 ¼ d21y1 þ d22x1 ¼ d21sy þ d220 ¼ d21sy:

3. When t ¼ 3, the effect of the shock on y is

y3 ¼ d11y2 þ d12x2 ¼ d11d11sy þ d12d21sy

and the effect on x is

x3 ¼ d21y2 þ d22x2 ¼ d21d11sy þ d22d21sy:

By repeating the substitutions for t ¼ 4; 5; . . . ; we obtain further expressions. The impulse

response of the shock (or innovation) to y on y is syf1; d11; ðd11d11 þ d12d21Þ; . . .g and the
impulse response of a shock to y on x is syf0; d21; ðd21d11 þ d22d21Þ; . . .g:

Now consider what happens when there is a one standard deviation shock to x so that at

time t ¼ 1; v x
1 ¼ sx, and v

x
t is zero thereafter. Assume v

y
t ¼ 0 for all t. In the first period after

1 Appendix 13A introduces the general problem.
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the shock, the effect of a shock of sizesx on y is y1 ¼ v
y
1 ¼ 0, and the effect of the shock on x

is x1 ¼ v x
t ¼ sx. Two periods after the shock, when t ¼ 2; the effect on y is

y2 ¼ d11y1 þ d12x1 ¼ d110þ d12sx ¼ d12sx

and the effect on x is

x2 ¼ d21y1 þ d22x1 ¼ d210þ d22sx ¼ d22sx

Again, by repeated substitutions, we obtain the impulse response of a shock to x on y as

sxf0; d12; ðd11d12 þ d12d22Þ; . . .g, and the impulse response of a shock to x on x

assxf1; d22; ðd21d12 þ d22d22Þ; . . .g. Figure 13.5 shows the four impulse response functions

for numerical values: sy ¼ 1,sx ¼ 2,d11 ¼ 0:7, d12 ¼ 0:2,d21 ¼ 0:3 and d22 ¼ 0:6:
The advantage of examining impulse response functions (and not just VAR coefficients)

is that they show the size of the impact of the shock plus the rate at which the shock

dissipates, allowing for interdependencies.

13.4.2 FORECAST ERROR VARIANCE DECOMPOSITIONS

Another way to disentangle the effects of various shocks is to consider the contribution of

each type of shock to the forecast error variance.
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FIGURE 13.5 Impulse responses to standard deviation shock.
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13.4.2a Univariate Analysis

Consider again the univariate series, yt ¼ ryt�1 þ vt. The best one-step-ahead forecast

(alternatively the forecast one period ahead) is

yFtþ1 ¼ Et½ryt þ vtþ1�

where Et is the expected value conditional on information at time t (i.e., we are interested in

the mean value of ytþ1 using what is known at time t). At time t the conditional expectation

Et½ryt� ¼ ryt is known, but the error vtþ1 is unknown, and so its conditional expectation is

zero. Thus the best forecast of ytþ1 is ryt, and the forecast error is

ytþ1 � Et½ytþ1� ¼ ytþ1 � ryt ¼ vtþ1

The variance of the one-step forecast error is varðvtþ1Þ ¼ s2. Suppose we wish to forecast

two steps ahead; using the same logic, the two-step forecast becomes

yFtþ2 ¼ Et½rytþ1 þ vtþ2� ¼ Et½rðryt þ vtþ1Þ þ vtþ2� ¼ r2yt

and the two-step forecast error becomes

ytþ2 � Et½ytþ2� ¼ ytþ2 � r2yt ¼ rvtþ1 þ vtþ2

In this case, the variance of the forecast error is varðrvtþ1 þ vtþ2Þ ¼ s2ðr2 þ 1Þ, showing
that the variance of forecast error increases as we increase the forecast horizon.

In this univariate example, there is only one shock that leads to a forecast error. Hence the

forecast error variance is 100%due to its own shock. The exercise of attributing the source of

the variation in the forecast error is known as variance decomposition.

13.4.2b Bivariate Analysis

We can perform a variance decomposition for our special bivariate example where there is

no identification problem. Ignoring the intercepts (since they are constants), the one–step

ahead forecasts are

yFtþ1 ¼ Et½d11yt þ d12xt þ v
y
tþ1� ¼ d11yt þ d12xt

xFtþ1 ¼ Et½d21yt þ d22xt þ v x
tþ1� ¼ d21yt þ d22xt

The corresponding one-step-ahead forecast errors and variances are

FE
y
1 ¼ ytþ1 � Et½ytþ1� ¼ v

y
tþ1 varðFEy

1 Þ ¼ s2
y

FE x
1 ¼ xtþ1 � Et½xtþ1� ¼ v x

tþ1 varðFEx
1 Þ ¼ s2

x

Hence in the first period, all variation in the forecast error for y is due to its own shock.

Likewise, 100% of the forecast error for x can be explained by its own shock. Using the

same technique, the two–step ahead forecast for y is

yFtþ2 ¼ Et½d11ytþ1 þ d12xtþ1 þ v
y
tþ2�

¼ Et½d11ðd11yt þ d12xt þ v
y
tþ1Þ þ d12ðd21yt þ d22xt þ v x

tþ1Þ þ v
y
tþ2�

¼ d11ðd11yt þ d12xtÞ þ d12ðd21yt þ d22xtÞ
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and that for x is

xFtþ2 ¼ Et½d21ytþ1 þ d22xtþ1 þ v x
tþ2�

¼ Et½d21ðd11yt þ d12xt þ v
y
tþ1Þ þ d22ðd21yt þ d22xt þ v x

tþ1Þ þ v x
tþ2�

¼ d21ðd11yt þ d12xtÞ þ d22ðd21yt þ d22xtÞ

The corresponding two-step-ahead forecast errors and variances are (recall that we are

working with the special case of independent errors)

FE
y
2 ¼ ytþ2 � Et½ytþ2� ¼ ½d11v y

tþ1 þ d12v
x
tþ1 þ v

y
tþ2�

varðFEy
2Þ ¼ d211s

2
y þ d212s

2
x þ s2

y

FE x
2 ¼ xtþ2 � Et½xtþ2� ¼ ½d21v y

tþ1 þ d22v
x
tþ1 þ v x

tþ2�
varðFEx

2Þ ¼ d221s
2
y þ d222s

2
x þ s2

x

We can decompose the total variance of the forecast error for y, ðd211s2
y þ d212s

2
x þ s2

yÞ,
into that due to shocks to y, ðd211s2

y þ s2
yÞ, and that due to shocks to x, ðd212s2

xÞ. This
decomposition is often expressed in proportional terms. The proportion of the two-

step forecast error variance of y explained by its ‘‘own’’ shock is

ðd211s2
y þ s2

yÞ=ðd211s2
y þ d212s

2
x þ s2

yÞ

and the proportion of the two-step forecast error variance of y explained by the ‘‘other’’

shock is

ðd212s2
xÞ=ðd211s2

y þ d212s
2
x þ s2

yÞ

Similarly, the proportion of the two-step forecast error variance of x explained by its own

shock is

ðd222s2
x þ s2

xÞ=ðd221s2
y þ d222s

2
x þ s2

xÞ

and the proportion of the forecast error of x explained by the other shock is

ðd221s2
yÞ=ðd221s2

y þ d222s
2
x þ s2

xÞ

For our numerical example with sy ¼ 1, sx ¼ 2, d11 ¼ 0:7, d12 ¼ 0:2, d21 ¼ 0:3, and
d22 ¼ 0:6, we find that 90.303% of the two-step forecast error variance of y is due to y,

and only 9.697% is due to x.

To sumup, supposeyouwere interested in the relationship between economic growth and

inflation. AVARmodel will tell you whether they are significantly related to each other; an

impulse response analysis will show how growth and inflation react dynamically to shocks,

and a variance decomposition analysis will be informative about the sources of volatility.

13.4.2c The General Case

The example above assumes that x and y are not contemporaneously related and that the

shocks are uncorrelated. There is no identification problem, and the generation and
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interpretation of the impulse response functions and decomposition of the forecast error

variance are straightforward. In general, this is unlikely to be the case. Contemporaneous

interactions and correlated errors complicate the identification of the nature of shocks

and hence the interpretation of the impulses and decomposition of the causes of the

forecast error variance. This topic is discussed in greater detail in textbooks devoted to

time-series analysis.2 A description of how the identification problem can arise is given

in Appendix 13A.

13.5 Exercises

13.5.1 PROBLEMS

13.1 Consider the following first-order VAR model of stationary variables:

yt ¼ d11yt�1 þ d12xt�1 þ v
y
t

xt ¼ d21yt�1 þ d22xt�1 þ v x
t

Under the assumption that there is no contemporaneous dependence, determine the

impulse responses, four periods after a standard deviation shock for

(a) y following a shock to y

(b) y following a shock to x

(c) x following a shock to y

(d) x following a shock to x

13.2 Consider the first-orderVARmodel in Exercise 13.1.Under the assumption that there

is no contemporaneous dependence, determine

(a) the contribution of a shock to y on the variance of the three-step ahead forecast

error for y

(b) the contribution of a shock to x on the variance of the three-step ahead forecast

error for y

(c) the contribution of a shock to y on the variance of the three-step ahead forecast

error for x

(d) the contribution of a shock to x on the variance of the three-step ahead forecast

error for x

13.3 The VECmodel is a special form of the VAR for I(1) variables that are cointegrated.

Consider the following VEC model:

Dyt ¼ a10 þ a11ðyt�1 � b0 � b1xt�1Þ þ v
y
t

Dxt ¼ a20 þ a21ðyt�1 � b0 � b1xt�1Þ þ v x
t

The VEC model may also be rewritten as a VAR, but the two equations will contain

common parameters:

yt ¼ a10 þ ða11 þ 1Þyt�1 � a11b0 � a11b1xt�1 þ v
y
t

xt ¼ a20 þ a21yt�1 � a21b0 � ða21b1 � 1Þxt�1 þ v x
t

2 One reference you might consider is Lütkepohl, H. (2005) Introduction to Multiple Time Series Analysis,

Springer, Chapter 9.
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(a) Suppose you were given the following results of an estimated VEC model:bDyt ¼ 2� 0:5ðyt�1 � 1� 0:7xt�1Þ
bDxt ¼ 3þ 0:3ðyt�1 � 1� 0:7xt�1Þ

Rewrite the model in the VAR form.

(b) Now suppose you were given the following results of an estimated VAR model,

but you were also told that y and x are cointegrated.

ŷt ¼ 0:7yt�1 þ 0:3þ 0:24xt�1

x̂t ¼ 0:6yt�1 � 0:6þ 0:52xt�1

Rewrite the model in the VEC form.

13.4 VAR and VEC models are popular forecasting models because they rely on the past

history of observed outcomes to predict the expected future values.

(a) Consider the following estimated VAR model:

yt ¼ d̂11yt�1 þ d̂12xt�1 þ v̂1t

xt ¼ d̂21yt�1 þ d̂22xt�1 þ v̂2t

What are the forecasts for ytþ1 and xtþ1?

What are the forecasts for ytþ2 and xtþ2?

(b) Consider the following estimated VEC model:

Dyt ¼ â11ðyt�1 � b̂1xt�1Þ þ v̂1t

Dxt ¼ â21ðyt�1 � b̂1xt�1Þ þ v̂2t

What are the forecasts for ytþ1 and xtþ1?

What are the forecasts for ytþ2 and xtþ2?

13.5.2 COMPUTER EXERCISES

13.5 The data file gdp.dat contains quarterly data on the real GDP of Australia (AUS) and

real GDP of the United States (USA ) for the sample period 1970:1 to 2000:4.

(a) Are the series stationary or nonstationary?

(b) Test for cointegration allowing for an intercept term. You will find that the

intercept is negative. Is this sensible? If not, repeat the test for cointegration

excluding the constant term.

(c) Save the cointegrating residuals and estimate the VEC model.

13.6 The data file fred.dat contains the log of real personal disposable income (Y) and the

log of real personal consumption expenditure (C) for the U.S. economy over

the period 1960:1 to 2009:4.

(a) Are the series stationary, or nonstationary? In particular, test whether the series

are trend stationary.

(b) Test for cointegration allowing for an intercept term. Are the series cointegrated?

(c) Estimate a VAR model for the set of I(0) variables {DCt, DYt}. Pay particular

attention to the order of lags.
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13.7 The data file vec.dat contains 100 observations on two generated series of data, x and

y. The variables are nonstationary and cointegrated without a constant term. Save the

cointegrating residuals (ê) and estimate the VEC model. As a check, the results for

the case normalized on y are bDyt ¼ �0:576ðêt�1Þ
ðtÞ ð�6:158Þ
bDxt ¼ 0:450ðêt�1Þ
ðtÞ ð4:448Þ

(a) The residuals from the error correction model should not be autocorrelated. Are

they?

(b) Note that one of the error correction terms is negative and the other is positive.

Explain why this is necessary.

13.8 The data file var.dat contains 100 observations on two generated series of data,w and

z. The variables are nonstationary but not cointegrated. Estimate a VAR model of

changes in the variables. As a check, the results are (the intercept terms were not

significant):

bDwt ¼ 0:743Dwt�1 þ 0:214Dzt�1

ðtÞ ð11:403Þ ð2:893Þ
bDzt ¼ �0:155Dwt�1 þ 0:641Dzt�1

ðtÞ ð�2:293Þ ð8:338Þ

(a) The residuals from the VARmodel should not be autocorrelated. Is this the case?

(b) Determine the impulse responses for the first two periods. (You may assume the

special condition that there is no contemporaneous dependence.)

(c) Determine the variance decompositions for the first two periods.

13.9 The quantity theory of money says that there is a direct relationship between the

quantity of money in the economy and the aggregate price level. Put simply, if

the quantity of money doubles, then the price level should also double. Figure 13.6

shows the percentage change in a measure of the quantity of money (M) and the
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FIGURE 13.6 Percentage changes in money and price.
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percentage change in ameasure of aggregate prices (P) for theUnited States between

1961:1 and 2005:4 (data file qtm.dat). AVEC model was estimated as follows:

bDPt ¼ �0:016ðPt�1 � 1:004Mt�1 þ 0:039Þ þ 0:514DPt�1 � 0:005DMt�1

ðtÞ ð2:127Þ ð3:696Þ ð1:714Þ ð7:999Þ ð0:215Þ
bDMt ¼ 0:067ðPt�1 � 1:004Mt�1 þ 0:039Þ � 0:336DPt�1 � 0:340DMt�1

ðtÞ ð3:017Þ ð3:696Þ ð1:714Þ ð1:796Þ ð4:802Þ

(a) Identify the cointegrating relationship betweenP andM. Is the quantity theory of

money supported?

(b) Identify the error-correction coefficients. Is the system stable?

(c) The above results were estimated using a system approach. Derive the co-

integrating residuals and confirm that the series is indeed an I(0) variable.

(d) Estimate a VECmodel using the cointegrating residuals. (Your results should be

the same as above.)

13.10 Research into the Phillips curve is concerned with providing empirical evidence of a

tradeoff between inflation and unemployment. Can an economy experience lower

unemployment if it is prepared to accept higher inflation? Figure 13.7 plots the

changes in ameasure of the unemployment rate (DU) and the changes in ameasure of

inflation (DP) for the United States for the sample period 1970:07 to 2009:06 (data

file phillips.dat). AVAR model was estimated as follows:

DDUt ¼ 0:180DUt�1 � 0:046DPt�1

ðtÞ ð3:905Þ ð0:909Þ
DDPt ¼ �0:098DUt�1 þ 0:373DPt�1

ðtÞ ð�2:522Þ ð8:711Þ
(a) Is there evidence of an inverse relationship between the change in the unemploy-

ment rate (DU) and the change in the inflation rate (DP)?

(b) What is the response ofDU at time t þ 1 following a unit shock toDU at time t?

(c) What is the response of DP at time t þ 1 following a unit shock toDU at time t?

(d) What is the response of DU at time t þ 2?

(e) What is the response of DP at time t þ 2?
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FIGURE 13.7 Changes in the unemployment and inflation rates.
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13.11 Figure 13.8 shows the time series for two exchange rates—theEURO per $US and the

STERLING per $US (data file sterling.dat). Both the levels and the changes in the

data are shown.

(a) Which set of data would you consider using to estimate a VECmodel, and which

set to estimate a VAR? Why?

(b) Apply the two-step approach suggested in this chapter to estimate a VECmodel.

(c) Estimate a VAR model paying attention to the order of the lag.

13.12 Financial analysts often debate the role of dividends in the determination of share

prices. Figure 13.9 shows plots of the rate of change in dividends and price

computed as

DVt ¼ 100 lnðDNt=DNt�1Þ; SPt ¼ 100 lnðPNt=PNt�1Þ

where PN is the Standard and Poor Composite Price Index; DN is the nominal

dividends per share (source: Prescott, E. C. and Mehra, R. ‘‘The Equity Premium: A

Puzzle,’’ Journal of Monetary Economics, 15 March, 1985, pp. 145–161). The data

are annual observations over the period 1889–1979. The data file is called equity.dat.

Estimate a first-orderVAR for SP andDV by applying least-squares to each equation:

SPt ¼ b10 þ b11SPt�1 þ b12DVt�1 þ vst

DVt ¼ b20 þ b21SPt�1 þ b22DVt�1 þ vdt
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Estimate an ARDL for each equation:

SPt ¼ a10 þ a11SPt�1 þ a12DVt�1 þ a13DVt þ est

DVt ¼ a20 þ a21SPt�1 þ a22DVt�1 þ a23SPt þ edt

Compare the two sets of results and note the importance of the contemporaneous

endogenous variable (SP, DV) in each equation.

(a) Explain why least squares estimation of the VARmodel with lagged variables on

the right-hand side yields consistent estimates.

(b) Explain why least squares estimation of the model with lagged and contem-

poraneous variables on the right-hand side yields inconsistent estimates. (You

might like to refer to the material in Chapter 11).

(c) What do you infer about the role of dividends in the determination of share

prices?

13.13 The file gfc.dat contains data about economic activity in two major economies: the

United States and the Euro Area (the group of countries in Europe where the Euro

currency is the legal tender). Specifically, the data are the logs of their Gross

Domestic Product (GDP), standardized so that the value of GDP is equal to 100 in

2000. The levels and the change in economic activity are shown in Figure 13.10 (a)

and (b). The sample period is from 1995Q1 to 2009Q4 and includes the global

financial crisis that began in September 2007.
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(a) Based on a visual inspection of the data, what would you infer about the

interactions between the GDPs in the two economies?

(b) Do the economies have a long-run relationship? Specify the econometric model

and estimate the model. Plot the residuals and comment on their properties.

(c) Do the economies have a short-run relationship? Specify the econometric model

and estimate the model. Plot the residuals and comment on their properties.

Appendix 13A The Identification Problem3

A bivariate dynamic system with contemporaneous interactions (also known as a structural

model) is written as

yt þ b1xt ¼ a1yt�1 þ a2xt�1 þ e
y
t

xt þ b2yt ¼ a3yt�1 þ a4xt�1 þ e x
t

(13A.1)

which can be more conveniently expressed in matrix form as

1 b1

b2 1

� �
yt
xt

� �
¼ a1 a2

a3 a4

� �
yt�1

xt�1

� �
þ e

y
t

e x
t

� �

or rewritten in symbolic form as BYt ¼ AYt�1 þ Et, where

Y ¼ yt
xt

� �
B ¼ 1 b1

b2 1

� �
A ¼ a1 a2

a3 a4

� �
Et ¼ e

y
t

e x
t

� �

AVAR representation (also known as reduced-form model) is written as

yt ¼ d1yt�1 þ d2xt�1 þ v
y
t

xt ¼ d3yt�1 þ d4xt�1 þ v x
t

(13A.2)

or in matrix form as: Yt ¼ CYt�1 þ Vt, where

C ¼ d1 d2
d3 d4

� �
Vt ¼ v

y
t

v x
t

� �

Clearly, there is a relationship between (13.A.1) and (13A.2): C ¼ B�1A and Vt ¼ B�1Et.

The special case considered in the chapter assumes that there are no contemporaneous

interactions (b1 ¼ b2 ¼ 0), makingB an identity matrix. There is no identification problem

in this case because the VAR residuals can be unambiguously ‘‘identified’’ as shocks to y or

as shocks to x: v y ¼ e y, v x ¼ e x. The generation and interpretation of the impulse responses

and variance decompositions are unambiguous.

In general, however,B is not an identitymatrix,making v y and v xweighted averages of e y

and e x. In this general case, impulse responses and variance decompositions based on v y and

v x arenotmeaningful oruseful becausewecannotbecertain about the sourceof the shocks.A

number of methods exist for ‘‘identifying’’ the structural model from its reduced form.

3 This appendix requires a basic understanding of matrix notation.
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